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By only considering the principles of geometrical optics in paraxial approximation, it is possible to build a a
simple optical cloaking device (OCD) with four lenses, as shown by Choi and Howell [Opt. Exp. 22, 29465
(2014)]. Inspired by the simplicity and elegance of this experiment, we decided to take it to the classroom in
order to make of it a teaching experience for undergraduate optics courses, as an interesting illustration and
application of geometrical optics that goes beyond standard reconstructions of eyes, microscopes or telescopes.
In this experience the student first goes through a preliminary theoretical analysis and then, with the aid of
the corresponding outcomes, proceeds with the experimental assembly of the OCD. The theoretical analysis,
grounded on the transfer matrix formulation of geometrical optics, allows the student to understand the
physics of the optical cloaking phenomenon by investigating the transfer properties of systems of a few lenses.
A simple OCD is then built with the theoretical outcomes, which consists of a four-lens arrangement in the
form of two Keplerian-like telescopes faced by their eyepieces. As it is shown in the experience reported here,
with typical lenses available in any teaching optics laboratory, the amount of cloaking obtained is remarkable,
with a minor contribution of aberrations (spherical and chromatic).
I. INTRODUCTION
Optical cloaking, the capability to hide objects from
sight, has always attracted the attention of the gen-
eral public. Many optical illusions in fashion during the
XIXth and XXth centuries were based on the reflection
properties of mirrors and window glasses, and invisibil-
ity has been the subject of much interest in novels, films
or comics, for instance. The scientific community has
also shown interest for this phenomenon and the develop-
ment of related technologies,1 from the stealth technology
(widely used in the military industry, for instance, in air-
crafts or warships) to the design of metamaterials.2–5 In
the latter case the properties of such materials, including
cloaking, arise from the collective behavior of repetitive
patterns of assemblies of tiny units, smaller than the typ-
ical wavelengths they intend to influence, instead of the
material itself such units are made of. By means of a spe-
cific design of such assemblies, the electric and magnetic
properties of the material can be controlled, achieving
narrow electromagnetic spectral bands, infinite phase ve-
locities, or negative refractive indexes.
At a much simpler level, though, geometrical optics is
also a suitable candidate to achieve analogous cloaking
effects, not only making use of reflection/refraction prop-
erties, but by means of sets of lenses, as it was shown by
Choi and Howell.6,7 This kind of setup has some nice
features that make it appealing: it is relatively cheap,
the theory behind it is very simple, and cloaking can be
achieved in a wide-band spectrum (visible range) and for
relatively large objects. At a teaching level, it is also
quite appealing, since a rather simple arrangement of
lenses illustrates very nicely the principles of geometrical
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optics in paraxial form and its application beyond other
more conventional applications, e.g., telescopes, micro-
scopes or photo-cameras. It is because of this reason
that this experiment could be taken to the classroom in
the form of a teaching laboratory experience at an under-
graduate level, which includes a proper balance of theory
and experiment.
Specifically, the experience here reported is based
on combining a preliminary theoretical analysis with a
subsequent experimental development of a simple OCD
The theoretical analysis is based on the transfer matrix
formulation8 and allows the student to understand the
physics of the optical cloaking phenomenon by investi-
gating the transfer properties of systems of a few lenses
(from one to four). This analysis allows to determine
optimal cloaking conditions. Accordingly, the simpler,
optimal configuration consists of two sets of lenses with
different focal lengths arranged in the form of two Kepler-
type telescopes faced by their eyepieces. The analysis
also provides the distance that should be considered be-
tween those “eyepieces”. With these data, the device is
then mounted with cheap resources (there is no need for
expensive lenses to observe the phenomenon) available
in any teaching optics laboratory. As it is shown here,
with the lenses available in our laboratory the amount
of cloaking obtained has been quite important, although
there some (minor) contribution of spherical and chro-
matic aberrations.
The work has been organized as follows. In Sec. II the
basic theory is presented, which is based on the parax-
ial optics (small-angle approximation). The experimen-
tal setup and results obtained from it are described in
Sec. III. To conclude, a series of remarks are summarized
in Sec. IV.
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2II. THEORY
The OCD we want to build in the laboratory works in
a quite simple manner: when we look through the OCD,
any object observed behind it should be seen as if there
was nothing between the object and our eyes, even if we
introduce another object inside the OCD. This means
that:
1. The image of the observed object must be direct,
virtual, and with unitary magnification.
2. The OCD has some extension, henceforth denoted
with L, so that the hidden object can be accommo-
dated somewhere inside it.
Accordingly, within a geometrical optics regime, the rays
leaving the object should reach our eyes with a minor
influence of the hidden object or the OCD itself.
In paraxial form, and appealing to the thin-lens ap-
proximation, the description of imaging through a lens
system can be efficiently performed with the aid of the
transfer matrix formulation.8 Specifically, only two ma-
trices are needed, namely the matrix describing the pas-
sage of light through a single lens,
L =
(
1 0
− 1f 1
)
, (1)
where f is the lens effective focal distance, and a trans-
lation matrix,
T =
(
1 d
0 1
)
, (2)
accounting for the transit of rays through an empty space
of length d. From the above considerations, an ideal OCD
should behave analogously to a single translation matrix
with d = L.
Let us consider a system of N lenses with their centers
aligned along the system optical axis. In this system,
fn is the effective focal length of the nth lens and dn−1
denotes the distance between the nth and (n−1)th lenses,
with d0 ≡ 0. Imaging in this system is determined by the
matrix product
MN = LNTN−1LN−1 · · ·L1T2L1 =←−ΠNn=1Sn, (3)
with
Sn ≡ LnTn−1, (4)
and where the arrow over the product symbol (Π) denotes
that each new product element n has to be added to the
left instead of to the right, as it is usually done. Notice
that for n = 1, we have T0 = I, since d0 = 0.
When the explicit form of the matrices (1) and (2) is
substituted into (4), with fn and dn−1 instead of f and
L, respectively, the product matrix (3) reads as
MN =
←−
ΠNn=1
(
1 dn−1
− 1fn 1−
dn−1
fn
)
, (5)
which is going to be of the form
MN =
(
AN BN
CN DN
)
. (6)
This matrix is to be compared with the total translation
matrix that represents the ideal OCD, i.e.,
MN =
(
1 L
0 1
)
, (7)
with L =
∑N
n=1 dn−1. By comparing matrices (6) and
(7) element by element, we obtain the set of equations
AN = 1, (8a)
BN = L, (8b)
CN = 0, (8c)
DN = 1, (8d)
which are used to design the OCD. The fact that AN and
DN are both unitary means that the image produced by
the device of an object located to its right must also have
unitary lateral and angular magnification (image equal to
object) even if there is a cloaked object inside it. That
is, the picture collected by lens 1 is directly transferred
to lens N , without any further optical operation, as it
is inferred from the fact that BN = L. Moreover, like a
telescope, the system is afocal, since CN = 0.
Next we are going to consider systems with N ranging
from 2 to 4 in order to better understand how the cloak-
ing property works. The case N = 1 is not considered,
because it is the trivial one given by (1) when instead of
a lens we have a very thin plate (with negligible thick-
ness). Obviously, this can never be an OCD, because
there is no room to hide an object in it. We thus need to
take into account that the conditions (8) are necessary
for cloaking, but not sufficient.
A. Two-lens system
For a two-lens system, after proceeding with the prod-
uct of matrices, the conditions (8) read as
A2 = 1− d1
f1
, (9a)
B2 = d1, (9b)
C2 = − 1
f1
− 1
f2
+
d1
f1f2
, (9c)
D2 = 1− d1
f2
. (9d)
This system is analogous to a thick lens with thickness
t = d1 and refractive index nL = 1. The term −C2
provides us with the equivalent power of the system, also
known as Gullstrand’s equation,9 from which the system
focal length is readily obtained: f = −1/C2.
3If we apply the condition (8c) to the element (9c), we
find
f1 + f2 = d1, (10)
i.e., for the system to be afocal, the distance between
the two lenses must be equal to the sum of their respec-
tive focal lengths — this is precisely the condition that
makes afocal a telescope. Contrary to a telescope, where
we are interested in large magnification factors, in the
case of the OCD we are looking for a unitary magnifi-
cation. Thus, the magnification elements (9a) and (9d)
have to be unitary, which imply that both focal lengths,
f1 and f2, must go to infinity in order to cancel out the
factors d1/f1 and d1/f2, respectively, since d1 has a fi-
nite value. Accordingly, we find that, although there is
room to place an object inside this two-lens device, the
situation is again analogous to the above single-lens case:
cloaking conditions lead to a non-cloaking device formed
by two plane-parallel plates. This is another example
where conditions (8) are necessary for cloaking, but not
sufficient.
B. Three-lens system
In the case of three lenses, the elements of the matrix
describing the system, M3, read as
A3 = 1− L
f1
−
(
1− d1
f1
)
d2
f2
, (11a)
B3 = L− d1d2
f2
, (11b)
C3 = − 1
f1
− 1
f2
− 1
f3
+
(
d1
f1
+
d2
f3
)
1
f2
+
(
L− d1d2
f2
)
1
f1f3
, (11c)
D3 = 1− L
f3
−
(
1− d2
f3
)
d1
f2
, (11d)
with L = d1 + d2. Considering the condition (8b), we
readily find that f2 must go to infinity and, consequently,
the second lens has to be again a thin glass layer, which
does not affect at all the other components of the system.
Actually, this leads to a two-lens system analogous to the
previous one, for which the same equations hold after
replacing f2 in Eqs. (9) by f3.
There is, however, another non-trivial option. By in-
specting the magnification terms, A3 and D3, we notice
they display some symmetry by exchange of f1 by f3,
and d1 by d2. If we apply conditions (8a) and (8d), we
obtain the following relation
f1
f3
=
d1
d2
. (12)
If the cloaking device is designed in a way that has in-
version symmetry (i.e., it should not matter whether we
look through the front or through the back), then a fea-
sible hypothesis is to assume d1 = d2 = L/2 and hence
f1 = f3 = f . Inserting back this condition either in (11a)
or (11d), with the cloaking conditions (8a) or (8d), and
solving for f2, we obtain a non-vanishing value for this
focal length:
f2 =
L− 2f
4
. (13)
It can be readily noticed that, if this condition is sub-
stituted into (11c), this matrix element vanishes. The
resulting matrix then reads as
M3 =
(
1 L1−(L/2f)
0 1
)
, (14)
which, for 2f  L, can be recast as
M3 ≈
(
1 L
(
1− L2f
)
0 1
)
. (15)
If the term L/2f can be neglected, then the matrix (15)
acquires the form of (7) and, in principle, this condition
might allow cloaking. However, if we go back to (13)
and apply the condition, it means f2 ≈ −f/2, i.e., f2
has opposite sign than f1 and f3. On the other hand,
the approximation implies that all focal lengths must be,
in modulus, much larger than the size (L) of the device.
Therefore, although this is not the trivial case (with f2
going to infinity) and there is room to accommodate an
object inside, it presumes rather large values for the focal
lengths.
C. Four-lens system
Let us now consider a setup formed by four lenses.
Proceeding as before, the elements of the corresponding
M4 matrix read as
4A4 = 1− L
f1
−
(
1− d1
f1
)(
d2 + d3 − d2d3
f3
)
1
f2
−
[
1− (L− d3)
f1
]
d3
f3
, (16a)
B4 = L− (L− d1) d1
f2
− (L− d3) d3
f3
+
d1d2d3
f2f3
, (16b)
C4 = − 1
f1
− 1
f2
− 1
f3
− 1
f4
+
L
f1f4
+
(
1
f2
+
1
f3
)(
d1
f1
+
d3
f4
)
+
(
1
f1f3
+
1
f2f4
+
1
f2f3
)
d2
−
[
(L− d1) d1
f2
+
(L− d3) d3
f3
]
1
f1f4
−
(
d1
f1
+
d3
f4
− d1d3
f1f4
)
d2
f2f3
, (16c)
D4 = 1− L
f4
−
(
1− d3
f4
)(
d1 + d2 − d1d2
f2
)
1
f3
−
[
1− (L− d1)
f4
]
d1
f2
, (16d)
with L = d1 + d2 + d3. Again here we can notice a
certain symmetry by exchange of indices (both in focal
lengths and in distances) that we can take advantage of
to determine cloaking conditions. Thus, as before, let us
assume the cloaking device satisfies inversion symmetry,
which in the present context translates into considering
that the focal length of outmost lenses are equal among
themselves (f1 = f4 = fα) and the same holds for the in-
nermost ones (f2 = f3 = fβ). Moreover, this also implies
that the distances d1 and d3 are equal, so from now on
d1 = d3 = dα and d2 = dβ . With this, the elements (16)
can be recast as
A4 = 1−
(
1
fα
+
1
fβ
)
L +
2dα(L− dα)
fαfβ
+
dαdβ
f2β
− d
2
αdβ
fαf2β
, (17a)
B4 = L− (L− dα) 2dα
fβ
+
d2αdβ
f2β
, (17b)
C4 = − 2
fα
− 2
fβ
+
L
f2α
+
dβ
f2β
+
2L
fαfβ
− 2 (L− dα) dα
f2αfβ
− 2dαdβ
fαf2β
+
d2αdβ
f2αf
2
β
, (17c)
D4 = 1−
(
1
fα
+
1
fβ
)
L +
2dα(L− dα)
fαfβ
+
dαdβ
f2β
− d
2
αdβ
fαf2β
. (17d)
From the application of (8b) to (17b), we obtain
fβ =
dαdβ
2(L− dα) . (18)
Then, using this value and applying (8a) to (17a), we
find the other focal value,
fα =
dαL
2(L− dα) . (19)
The sum of these two values satisfies the relation
dα = fα + fβ , (20)
which means that lenses 1 and 2, on the one hand, and
lenses 3 and 4, on the other hand, form two telescopes,
one in front of the other, with lenses 1 and 4 playing the
role of objectives, while lenses 2 and 3 are the eyepieces,
since fα > fβ , as can be seen from the relation
fα
fβ
=
L
dβ
. (21)
This relation also gives the magnification of each tele-
scope. Thus, we can see that the magnified image of
a given object allocated before the first telescope is re-
versed by the other, so that the total magnification be-
comes unitary. On the other hand, it is also interesting
and easy to demonstrate that the condition that makes
the element C4 to vanish is precisely (20) — remember
that this is an important condition to be fulfilled accord-
ing to (7.
Taking into account that L = 2dα+dβ in (21) and the
value of dα, given by (20), we can now obtain the value
for dβ , which reads as
dβ =
2 (fα + fβ) fβ
fα − fβ , (22)
which provides us with an exact solution (condition) for
optical cloaking if we have two sets of two lenses with
focal lengths fα and fβ . The total size of the cloaking
device will be
L = 2dα + dβ =
2 (fα + fβ) fα
fα − fβ . (23)
5FIG. 1. Photo of the experimental setup used as OCD, where Li (i = 1, 2, 3, 4) denote the positions of the lenses used and Sj
denotes the positions of two (j = 1, 2) square cardboard screens with a circular hole in their centers. The distances between
lenses dk (with k = 1, 2, 3) and the total length L of the device are also indicated below. In order to understand in simple terms
how this OCD works, two marginal rays leaving the the object (a squared sheet of paper on a vertical support) are sketched.
These rays enter the setup parallel to the optical axis and leave it also parallel, keeping the same distance between them. This
ensures unitary magnification and therefore the fact that the setup, in an effective way, acts like the ingoing rays are unaffected
by its presence (see Fig. 2). Due to the smaller distance between parallel rays passing through lens 2, the region between lenses
L2 and L3 is of cloaking, although by the imaging properties of the lenses, effective cloaking will be produced from positions
between A (were the cardboard plate SA is introduced in the figure) and lens 3; for positions closer to L2 it is possible to detect
the presence of this screen. Moreover, effective cloaking can appear at the position B, as can be shown by introducing another
cardboard plater there (SB), but not on its symmetric partner (B
′), between L3 and L4, because the imaging properties of the
latter will reveal the presence of a cardboard plate allocated there.
III. EXPERIMENTAL SETUP
After setting the analytical conditions for cloaking in
geometrical optics (appealing to the paraxial and thin-
lens approximations), we proceed in the laboratory with
the setup. To that end, we have made use of a metal opti-
cal bench (with a length of about one meter and a half)
with several metal supports, where we fixed the lenses
and screens. In order to investigate the validity of the
theoretical conditions introduced above, lenses with dif-
ferent focal lengths (a limited set available in our teaching
laboratory) were considered, finally choosing those with
nominal values +17.5 cm and +5 cm. All these elements
can be easily found in any undergraduate teaching labo-
ratory of optics, so the experience here proposed, which
goes beyond standard experiences, such as measuring fo-
cal lengths in a lens system or determine the optical prop-
erties of simulated eyes, microscopes or telescopes, can be
easily implemented with a pedagogical purpose of intro-
ducing elementary notions of a recent advance in optics,
as it is the optical cloaking phenomenon.
Instead of using the nominal value of the focal lengths
of the chosen lenses, for completeness in the experience,
we considered an interesting pedagogical exercise to first
determine empirically such values (as if they were un-
known to the student, who could choose from among
different sets those that produce better cloaking condi-
tions). Thus, to that end, we performed a series of mea-
sures by the method of self-collimation to obtain the focal
lengths of our lenses. We used symmetric biconvex lenses
(the same curvature radius for both faces), so the mea-
sures were performed on both sides, eventually using the
resulting mean value. The measured focal lengths were:
f1 = +17.8 cm, f2 = f3 = +5.0 cm, and f4 = +17.4 cm,
within an accuracy of ±2 mm, which means they are in
the range of the corresponding nominal values.
Once the focal lengths were determined, we computed
the distances between consecutive lenses by means of
Eqs. (20) and (22). Accordingly, the lenses were mounted
on the optical bench in a nearly symmetric configura-
tion, with the inter-lens distances being d1 = 22.8 cm,
d2 = 17.9 cm, and d3 = 22.4 cm, where d2 was com-
puted considering the average value of f1 and f4, i.e.,
fα = (f1 + f4)/2 = +17.6 cm. In order to determine op-
timal cloaking positions, instead of a ruler, as used in the
experiment reported by Choi and Howell, we consider a
6FIG. 2. Image of the squared screen observed through lens 4.
The two black cardboard are allocated in such a way (see
Fig. 1) that they cannot be seen by the observer (all rays
coming from the object pass through the holes of these card-
boards). This means that any object inserted in the region un-
covered by the holes will not be seen by the observer. Spheri-
cal (positive) and chromatic (reddish and blueish rings) aber-
rations can be seen because of the deviation from the thin-lens
approximation of our real lenses, which can be corrected, for
instance, using achromatic doublets.6
screw: maximal cloaking conditions for a distribution of
the lenses such that the top of the screw, near the sys-
tem optical axis (but bellow it), disappeared from sight
(when looking the object from lens 4). The amount of
cloaking around the optical axis was later on determined
with a cardboard pierced with a hole in its center (and
centered around the optical axis), as discussed next.
In order to empirically determine how much cloaking
is produced by the system as well as the optimal position
to cloak an object, a cardboard plate (SA) with a circu-
lar hole pierced in its center (the hole was centered with
respect to the system optical axis) was inserted at about
5.1 cm to the left of f3, as indicated in Fig. 1 (position
A). This position was such that it allowed the ray bundle
coming from lens 2 to cross the hole, but without noticing
the presence of the cardboard; for distances further away
from lens 3 the presence of the hole (cardboard) could be
seen (a larger diameter was needed), while for distances
closer to lens 3 it could not be noticed at all. The diame-
ter of the hole was gradually increased until no vignetting
was observed, which corresponds to the smallest size for
which we observed cloaking. This process was controlled
by looking through lens 4, finding a minimum diameter
of about 8 mm (in correspondence with the region of
maximal imaging enabled by spherical aberrations).
Keeping the cardboard in the above mentioned posi-
tion, we decided to accommodate another identical card-
board between lenses 1 and 2, since the cloaking region,
in principle, extends from lens 1 to lens 4. This sec-
ond cardboard was allocated at a distance 6.3 cm before
lens 2 (position B in Fig. 1). The same cannot happen,
however, in its symmetric position B′, after lens 3, since
the imaging properties of lens 4 would allow us to notice
the presence of the corresponding cardboard. Position B
is essentially the place where the paraxial beams com-
ing from object parallel to the optical axis coalesce on
the focus of lens 1 (and leave the front focus of lens 2),
although due to spherical aberrations (which defines a re-
gion of fair imaging between the lens focus and the point
where other marginal rays coalesce, before the focus) the
position of the hole does no correspond exactly with that
of the lens focus. The optimal cloaking positions A and
B for both cardboard plates (SA and SB , respectively)
were empirically found by inspection through lens 4. A
photograph of the setup from the observer’s perspective
(looking through lens 4) is shown in Fig. 2, where the
presence of the holes is unobserved, i.e., any object out-
side the radius of the hole will be hidden for the observer.
With the two cardboard plates, we then decided to in-
vestigate off-axis cloaking conditions by looking the ob-
ject at an angle and measuring it with a digital goniome-
ter (for a better accuracy, we attached a laser pointer to
the goniometer), finding a cloaking conditions for angles
. 3.4◦ around the optical axis. Specifically, the proce-
dure follow to determine this range was determined was
by measuring the larger angles for which the laser beam
was still able to pass through the borders of the holes of
both cardboards, and then to reappear through the lower
side of lens 4.
From the above comments, it is clear that the field of
view is relevant to cloaking. To determine it, we con-
sidered the effective diameter (due to the frame where
they were mounted, their diameter was a slightly dif-
ferent for homologous pairs of lenses) of all four lenses:
D1 = 5.4 cm, D2 = 4.3 cm, D3 = 4.15 cm and
D4 = 5 cm. The field of view was then measured from the
image observed when looking through lens 4 (see Fig. 2)
of an object consisting of a gridded pattern on a piece of
paper. The size of each square was 2 mm and the dis-
tance between the object and lens 4 was about 82.9 cm.
With this, the resulting field of view was 3.59◦, which
is very similar to the cloaking angular range mentioned
above.
IV. CONCLUDING REMARKS
A simple OCD has been designed following the pre-
scriptions of geometrical optics and only using basic el-
ements present in any conventional teaching optics lab-
oratory. According to the theory, developed within the
paraxial approximation and making use of the transfer
matrix formulation of geometrical optics, this OCD con-
sists of four lenses in a symmetric configuration analo-
gous to two telescopes confronted by their eyepieces (the
lenses with the smaller focal length in our case), with the
corresponding objectives directed towards the object and
the observer, respectively. From the experiment, based
7on the theoretical outcomes (inter-lens distances), it is
found that the OCD is able to cloak objects allocated be-
tween the second and third lenses, and also between the
first and second lenses. Cloaking has also been observed
for a narrow angular range around the optical axis, which
is nearly the same as the field of view for this four-lens
system.
The system built is not fully aberration-free, as it
could be the case with better, more professional lenses
(e.g., with achromatic doublets, as in the Rochester ex-
periment, or with aplanatic lenses). There were also ef-
fects due to marginal rays near the borders of the lenses,
which are out of the paraxial approximation. To cir-
cumvent this effect in as much as possible, we decided
to decrease the total size (L) of the device by design-
ing the shortest system possible according to the lenses
available in the laboratory. Another aspect that could be
improved by means of advanced computing is that of the
design, particularly extensions beyond the paraxial ap-
proximation, or, if still within this approximation, just
considering the thickness of each lens, which implies an
increase from seven to fifteen matrices. However, this
diminishes the appeal of a preliminary analytical treat-
ment and the physics discussion around it (and, in con-
sequence, also the pedagogical interest of the proposed
experience), since the theoretical part becomes rather
unaffordable and requires the use of specialized software
(Code V, OSLO, . . . ) or on-purpose programming with
other computing programming languages and environ-
ments (Mathematica, Mathlab, . . . ).
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